We present a novel approach to mesh deformation that enables simple context sensitive manipulation of 3D geometry. The method is based on locally anisotropic transformations and is extended to global control directions. This allows intuitive directional modeling within an easy to implement framework.
Introduction
When manipulating 3D geometry, artists often use methods that rely on host geometries such as cages, rigs, or control polygons. In contrast, approaches for articulated surface modeling exist such as sculpting. All these methods-with and without a rig-exhibit a lack of directional control while editing. To elongate parts of a mesh (e.g., the legs of a dog, see Fig. 1 ), an artist can use, amongst other methods, a cage attached to the mesh. However, such linear methods often lead to undesired results, as features are not preserved (see Fig. 9 , cage based). On the other hand, sculpting methods lack intuitive tools for directional operations such as elongation or thickening. In this work, we present a highly accessible approach to mesh modeling by combining a novel directional formulation with known surface-based deformation methods. We thus include directiondependent transformations directly into deformation energy formulations-namely anisotropic as-rigidas-possible (AnARAP) and deformation gradient based editing (AnDefGrad). Using our method, the artist is able to transform parts of an object along on-surface directions while preserving essential shape features. Affine transformations-such as scaling, shearing, or rotation-enable many aspects of locally articulated modeling. Deformation directions are defined by generic vector fields or as user input. Using spatially varying directions (as used in expression editing, see Fig. 10 ) even goes beyond the possibilities of proxy-based or linear methods. Figure 1 shows a dog with different edits to locally selected parts. By using the same basic intuition of on-surface directions, the presented work also transfers anisotropic deformation to the domain of mesh parameterization. This tackles an important problem in the apparel industry: meaningful shrinkage calculation for functional compression garments, along previously defined directions. We show that the method works for different formulations of surface elements: triangles (for both deformation gradients and ARAP parameterization) and triangle-fans (for ARAP). This work contributes by enabling:
• an enhancement to deformation methods that includes intuitive direction dependent modeling;
• a flexible way of defining deformation directions via fields or local or global directions; • the possibility of flattening complex functional garments.
Previous work
Modeling of surfaces based on skeletal rigging has a long tradition in mesh deformation [1] [2] [3] . This easily enables directed deformations with respect to bones while other directions may not be that intuitive to model without deformation interpolation of affine matrices. In contrast, our method enables deformations along directions-even non-linear-on the surface itself. An alternative approach is to deform meshes by using cages as low-resolution proxies [4] as well as by replacing linear blending by a biharmonic scheme presented by Jacobson et al. [5] . While offering more flexibility in the control of direction they still are based on an additional deformation geometry. As-rigid-as-possible (ARAP) deformation was used for 2D shape modeling by Igarashi et al. [6] , constraining a deformation to behave in a rubber-like way. This was picked up for 3D mesh manipulation by Sorkine and Alexa [7] and Wang et al. [8] . However, the issue of anisotropic articulated modeling was not considered by earlier works on ARAP modeling. Mesh manipulation based on the transfer of per-triangle deformation gradients was introduced by Sumner and Popović [9] . In the same fashion, arbitrary affine transformations applied to nodes to provide direct and intuitive deformation were presented by Sumner et al. [10] . More recently, modeling methods for articulated, organic shapes based on polar and quad representations have been presented in Refs. [11, 12] .
Parameterizing meshes using ARAP methods was introduced by Liu et al. [13] , extended for length conservation by Zhang and Wang [14] and further extended by Smith and Schaefer [15] . When developing functional garments based on pattern shrinkage during compression [16] , directed geometry manipulation is crucial. Their proposed scaling method is based on mechanical fabric properties but does not inherently include directional deformation in order to achieve per surface compression control.
Anisotropic deformation
In order to allow intuitive control while deforming a model in a directional manner, e.g., scaling or shearing parts of an object, we introduce anisotropic transformation to two different surfacebased deformation methods. An artist defines the part he wants to modify by selecting a set of vertices on the surface and provides a direction with the desired amount of deformation. The system then modifies the model in an articulated, feature preserving way while performing the desired directed deformation. This deformation is not driven by boundary conditions or handles, but instead the selected surface elements are directly deformed to locally alter the shape. This local shape shift is then considered by the solver as an extension to the energy formulation and changes the global shape of the geometry. Since the basic intuition of the presented work is to apply deformation to discrete surface elements (i.e., triangles or trianglefans), it is not restricted to a specific surface representation. Different transformations-such as scaling, shear, and rotation-are introduced and embedded in two basic deformation methods: ARAP modeling [6, 7] and deformation gradients [9] .
Anisotropic ARAP (AnARAP)
ARAP deformation minimizes the non-rigid remainder of a deformation. Therefore, the currently deformed instance of a mesh is compared to the reference shape. In the original work (see Ref. [7] ), the error is defined to be the difference between two rigidly aligned corresponding vertex neighborhoods. We present a method extending this formula by including the anisotropy directly into the deformation energy. Essentially, the reference shape is transformed non-uniformly on a disjunct, per surface element level. For this, the anisotropic ARAP energy is defined as
The matrix T i defines the desired affine mapping for transforming the local surface elements.
Solving for anisotropic ARAP
In the spirit of the work by Sorkine and Alexa [7] the solution for the best vertex positions is found in an iterative flip-flop fashion with a local phase and a global phase. In the local phase, we achieve this by additionally transforming the reference vertices by T i when seeking the best rotations R i -this holds for transformations with no rotation part. To solve for the best global vertex positions, our method directionally transforms the reference shape's vertices as well. A sparse linear system is built from the partial derivatives of the AnARAP energy with respect to the reference shape's positionŝ v. Regarding a vertex v i , the equation is written as
When using local transformations that include rotations, the local phase has to be modified. Solving this step seeks the rotation that aligns two fans rigidly. Performing this step for rotated target geometries T i R i will cause ARAP deformation to counteract the rotation, which is not the desired effect. Instead, we compare the deformed fan in the local phase to a transformed target without the rotational portion.
Anisotropic deformation gradient
Modeling with anisotropy is not restricted to ARAP deformation. Some shapes exhibit organic behaviour when deforming them using ARAP methods, and this may not always be intended by the user. Therefore, we introduce the same intuition to the method of deformation transfer [9] to enable anisotropic modeling. The original work represents a mesh's deformation as a collection of per-triangle affine transformations. This encoding subsequently is used to decode a topologically equivalent mesh which leads to a deformation transfer. Our method follows this basic intuition and encodes a source which-in the decoding step-is applied to the original mesh in order to deform it. In contrast, our source transformations are not derived from a mesh, but we directly use the desired edits as an encoding. The initial transformation T j,init for a triangle j is the identity I. A decoding of the mesh using this set of identities will not cause a deformation. As in the anisotropic ARAP extension, the user defines a set of vertices and a direction dependent transformation (e.g., scaling, rotation, or shear) to drive the deformation. Using AnDefGrad, we replace the initially set identities for affected triangles by the desired local transformation Q j,edit . As a result, the encoding for a deformation is S = {T 1 , . . . , T |M | } with M being the set of triangles and T j a 3 × 3 affine matrix for affected triangles; I is used for unaffected triangles. To decode the mesh with the desired transformations, we solve the sparse linear system:
with the unknown deformed vertex positionsṽ and the weight-sensitive adjacency matrix:
Note that w ij is zero whenever the vertices i and j do not share an edge. Adjacency weights between two vertices depend on the adjacent triangles to this edge. w ii is the summed edge weight for all edges adjacent to the vertex i. The right-hand side c is the sum of each disjunct triangle corner position j∈N (v i ) T j v i . For efficiency reasons, we pre-factorize the matrix A once and solve the system for spatially separated positions. Figure 2 depicts the difference between the ARAP based and the deformation gradient based anisotropic deformation methods on an example, for a scaling of the orange vertices. In contrast to the modified ARAP method, this method leads to a more local solution and the triangle deformation at the selection boundary exhibits a higher discontinuity. Depending on the need (a more organic versus a more articulated style of feature preservation), one of the two methods can be selected.
Local affine transformations

Anisotropic scaling
One possible transformation T i is a scaling along a local vector field. With s u and s v as the scale-factors in vertex i's tangent plane, the matrix is defined as
C i is the local basis of the vertex v i aligned to the desired direction of deformation c i :
Figure 3(top) shows the scaling in a local vertex-fan space. Anisotropic shearing. Using an affine shearing to deform the surface of a mesh follows the same principle as directed scaling. The per-vertex applied matrix T i simply is modified to be a local shearing (exemplary for a shear along the x-axis):
Parts of a torus (left) are elongated using anisotropic deformation gradients (middle) and ARAP deformation (right). While the deformation gradient based method exhibits a high discontinuity of triangle sizes, the deformation using anisotropic ARAP deformation is distributed more globally over the selection border. With this, a geometry can be sheared, as depicted in Fig. 4. 
Anisotropic rotation
In the same fashion, local rotations are performed by a simple modification to T i . Replacing the local transformation S by a rotation matrix leads to
The organic character of ARAP leads to less predictable results due to the organic fashion of The original geometry (left) is sheared using AnARAP (middle) as well as AnDefGrad (right) deformations. The organic appearance of ARAP is visible. The modified deformation gradient method gives more control. The orange regions are involved in the deformation while the blue ones are unaffected. the deformation (see Fig. 5(middle) ). For certain scenarios and low strengths, this appearance is preferable to the results of the gradient-based method (see Fig. 5(right) ).
Deformation directions
The local frame to which the transformations are aligned is spanned by the normal n i and the tangent vectors c u i and c v i . In the present work we give several possibilities for creating deformation directions. A vector field following principal curvature directions [17] is used for the snake example in Fig. 8 . The projection of screen space directions onto the surface enables an intuitive way of modeling without the need for a previously determined vector field. However, this method is obviously limited to directions which are not parallel to the surface's normal direction. Finally, a global direction can immediately be used as the Elongation of parts can be achieved using a skeleton which involves tedious and unintuitive rigging. By interpolating the bone transformations, it is even possible to achieve a spatial dependency of deformation directions. Our method not only eases this process by allowing on-surface direction control, but it expands this possibility by allowing arbitrary, even procedural or user-painted deformation directions. This is demonstrated in facial expression modeling in Fig. 10(top) , where the direction field varies its orientation across the lips.
Applications and results
Modeling with the directional method
Using the presented directional modeling approach, a user can select parts of an object and perform deformation along arbitrary directions. In doing so, a set of vertices is selected and different local transformations can be applied. The shape intuitively deforms accordingly. In Fig. 7 , local scaling and rotation transformations are depicted. The deformation is shown to follow the desired direction while the features are preserved.
In contrast, the snake in Fig. 8 was deformed along an automatically-defined vector field along the surface. A deformation parallel to the field elongates the snake maintaining its diameter, while scaling orthogonal to the field preserves its length. We compare the two different incarnations of our Fig. 8 A curvature-aligned direction field is used to deform the snake. Top: the snake is scaled parallel to the field to elongate it-its thickness is well preserved. Bottom: deformation is performed perpendicular to the field to achieve a thickening-its length is well preserved.
method to commonly used approaches in directional modeling: cage-based deformation (see Fig. 9 ) and handle-based modeling via isotropic ARAP deformation.
As the chess piece is elongated, significant features, e.g., the rims below the head and at the bottom, should remain as similar as possible to their original shapes. The cage based approach stretches the shape uniformly, leading to less pronounced features. Likewise, AnARAP deformation produces a result which does not strongly preserves features-the shape becomes organic. This is an inherent property of ARAP methods, where edges are smoothed by threedimensional rotations of the fans. Naturally, the original ARAP method's performance is poor as well. Using AnDefGrad preserves sharp features much better with respect to the original object, due to the highly local deformation approach of deformation gradients. In addition, the benefit of using an anisotropic formulation of the deformation The original geometry (left) is linearly elongated using single cage-based deformation. Regular ARAP deformation and anisotropic ARAP deformation (AnARAP) results are shown in comparison. Note that feature sharpness is lost using an isotropic energy formulation. Overall, ARAP-with or without anisotropydoes not perform as well at sharp edges as the anisotropic deformation gradient modeling (AnDefGrad).
in contrast to the regular (isotropic) energy is also shown in Fig. 9 . The original ARAP method is used to calculate the deformation for an elongated chess piece without considering anisotropy while using the inherently anisotropic deformation elongates the geometry in a more feature-preserving way, because the penalty is restricted orthogonally to the desired deformation energy.
Facial sculpting
We present another strength of the method by altering the facial expression of an ancient Roman bust using anisotropic deformation (see Fig. 10 (top) ). A vector field is defined across the lips which changes direction depending on the distance to the corners of the mouth. AnARAP deformation is used to stretch the surface along the altering field leading to a different but still articulated expression. This result is achieved with little modeling input-a vector field changing over surface and a deformation strength is defined-and thus, it is highly accessible to the user. To show that even high-frequency features are well preserved, we elongate the beard of the face as shown in Fig. 10(bottom) . Here, the beard becomes longer following a constrained direction defined on the surface.
AnARAP parameterization for compression garments
Our method is not restricted to mesh deformation for the purpose of sculpting-inspired modeling. We show that the directional scaling can be applied to the parameterization method introduced by Ref. [13] . Since our directional scaling is invariant to the surface elements (triangles or fans) used, the method can easily be used to also enrich the above formulation by adding anisotropy (see Fig. 3(bottom) ). Using anisotropy for free boundary parameterization solves an important issue in apparel design: flattening cut pieces for cloth production with proper compression scaling. Functional garments are important in the field of sports, and garment development pipelines are more and more influenced by virtual technologies. Including compression into the cloth is usually achieved by shrinkage of the flat cut piece. To increase compression while not shortening the garment, this scaling currently is performed nonuniformly along one single direction in 2D. This makes it hard to properly shrink patterns with more complex shapes deviating from this single direction. Our current methods allow us to define the shrinkage for local positions independently, and in 3D. Forcing the directions c i for some target vertices v i on the surface gives the user control over the compression behavior at desired positions (see the arrows below the armpit in Fig. 11 (left) ). In this example, compression is applied to support the area below the arms. The constrained compressions are propagated over the whole surface patch and the cut piece is computed by flattening the original surface subset.
Solving for the best parameterization while taking the local, directed shrinkage into account leads to the desired compression scaling even for complex shapes. In contrast to state-of-theart shrinkage (Fig. 11 (scaled) ), our approach The desired compression directions are defined for a patch (left). The original method of scaling fails to distribute the compression well (middle). Our method maintains the desired compression over the whole surface.
distributes compression along defined field directions (Fig. 11(AnARAP) ). The anisotropic parameterization for garment pattern development was used to extend the pipeline presented in Ref. [18] . Figure 12 shows a short pipeline overview of how user-defined shrinkage-directions result in a sewn functional garment with the desired compression behavior.
Discussion
Limitations.
The method presented exhibits a major limitation in the inconvenient need for a deformation direction as a user input. Although the method is based on a vector field distributed on surface, one can exchange the direction generation for more convenient and intuitive methods. As with many modeling methods, a high amount of deformation results in an inhomogeneous distribution of differently sized triangles. This is solvable by re-triangulation of the mesh but not considered further here because an expensive recalculation of the system matrix is required.
AnDefGrad and AnARAP exhibit similar performance with respect to conservation of low-frequency shape features (see Figs. 7 and 8 ).
For high-frequency features (e.g., creases and sharp borders) AnARAP performs worse than AnDefGrad (see Fig. 9 ); it should only be used for organic shapes. However, AnARAP results in more continuous triangle sizes, which is well suited for low-frequency modeling (see Fig. 2 ). Finally, the projection of global or screen directions onto the surface includes an obvious drawback: directions orthogonal to the surface result in undetermined behavior and need special treatment.
Conclusions. In this paper we have presented a method to enrich sculpting-and modeling-based mesh deformation, providing directional control of surface deformations. We have shown that the method allows intuitive deformation of surfaces, while maintaining semantic features of the original shape well. In contrast to other methods, the presented deformation paradigm does not rely on handles or constraints. Surface regions are selected and the deformation is directly applied to the selection. Different affine transformations: scaling, shearing, and rotation, are implemented in the framework for two exisiting deformation paradigms: ARAP deformation and deformation gradients. The method of generating deformation directions can easily be replaced.
We have presented shape manipulation along different kinds of on-surface directions as well as surface-aligned anisotropy for facial modeling. As anisotropic scaling is applicable to mesh parameterization, it is well suited to solving an important restriction in functional apparel development.
